We evaluate O(α b α s ) corrections in the MSSM Higgs boson sector, generalising the known result in the literature to arbitrary values of tan β. A detailed analysis of the renormalisation in the bottom/scalar bottom sector is performed. We find relatively small corrections for positive µ, while for µ < 0 the genuine two-loop O(α b α s ) corrections can amount up to 3 GeV. Different renormalisation schemes are applied and numerically compared. It is demonstrated that some care has to be taken in choosing an appropriate renormalisation prescription in order to avoid artificially large corrections. The residual dependence on the renormalisation scale is investigated, and the remaining theoretical uncertainties from unknown higher-order corrections in this sector are discussed for different regions of the MSSM parameter space. * email: Sven.Heinemeyer@cern.ch †
Introduction
A crucial prediction of the Minimal Supersymmetric Standard Model (MSSM) [1] is the existence of at least one light Higgs boson. The search for this particle is one of the main goals at the present and the next generation of colliders. Direct searches at LEP have already ruled out a considerable fraction of the MSSM parameter space [2, 3] , and the forthcoming high-energy experiments at the Tevatron, the LHC, and the International Linear Collider (ILC) will either discover a light Higgs boson or rule out Supersymmetry (SUSY) as a viable theory for physics at the weak scale. Furthermore, if one or more Higgs bosons are discovered, bounds on their masses and couplings will be set at the LHC [4] [5] [6] . Eventually the masses and couplings will be determined with high accuracy at the ILC [7] [8] [9] . Thus, a precise knowledge of the dependence of masses and mixing angles in the MSSM Higgs sector on the relevant supersymmetric parameters is of utmost importance to reliably compare the predictions of the MSSM with the (present and future) experimental results.
The status of the available results for the higher-order contributions to the neutral CPeven MSSM Higgs boson masses can be summarised as follows. For the one-loop part, the complete result within the MSSM is known [10] [11] [12] [13] . The dominant one-loop contribution is the O(α t ) term due to top and stop loops (α t ≡ h 2 t /(4π), h t being the superpotential top coupling). Corrections from the bottom/sbottom sector can also give large effects, in particular for large values of tan β, the ratio of the two vacuum expectation values, tan β = v 2 /v 1 . The computation of two-loop corrections is also quite advanced. It has now reached a stage such that all the presumably dominant contributions are known. They include the strong corrections, usually indicated as O(α t α s ), and Yukawa corrections, O(α 2 t ), to the dominant one-loop O(α t ) term, as well as the strong corrections to the bottom/sbottom one-loop O(α b ) term (α b ≡ h 2 b /(4π)), i.e. the O(α b α s ) contribution, derived in the limit tan β → ∞. Presently, the O(α t α s ) [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] , O(α 2 t ) [14, 15, 24, 25] and the O(α b α s ) [26] contributions to the self-energies are known for vanishing external momenta. Most recently also the corrections O(α t α b ) and O(α 2 b ) [27] , a "full" two-loop effective potential calculation [28] and an evaluation of the leading two-loop momentum dependent effects [29] have become available. In the (s)bottom corrections the all-order resummation of the tan β-enhanced terms, O(α b (α s tan β) n ), is also performed [30, 31] . Reviews with further references can be found in Refs. [32] [33] [34] .
The b/b sector has attracted considerable attention in the last years, since its corrections to the MSSM Higgs boson sector have been found to be large in certain parts of the MSSM parameter space, possibly even exceeding the size of the top/stop corrections. This can happen especially for large values of tan β and the supersymmetric Higgs mass parameter µ. For illustration, we show in Fig. 1 the shift in the lightest CP-even Higgs boson mass, ∆M h , arising from the b/b sector at the one-loop level (all two-loop corrections are omitted here) as a function of the bottom-quark mass for large tan β and |µ|. The bottom-quark mass in this plot is understood to be an effective mass that includes higher-order effects (see the discussion in Sect. 3). The figure demonstrates that corrections from the b/b sector can get large if the effective bottom mass is bigger than about 3 GeV.
The possibly large size of the corrections from the b/b sector makes it desirable to investigate the corresponding two-loop corrections and thus to analyse the renormalisation in this sector. An inconvenient choice could give rise to artificially large corrections, whereas a convenient scheme absorbs the dominant contributions into the one-loop result such that higher-order corrections remain small. The comparison of different schemes (where no ar- tificially enhanced corrections appear) gives an indication of the possible size of missing higher-order terms of O(α b α 2 s ). In this paper we derive the result for the O(α b α s ) corrections in various renormalisation schemes. The relations between the different parameters in these schemes are worked out in detail. The absorption of leading higher-order contributions into an effective bottom-quark mass is discussed. We perform a numerical analysis of the various schemes and compare our results with a previous evaluation of the O(α b α s ) corrections carried out in the limit where tan β is infinitely large [26] . We discuss the dependence of our result on the renormalisation scale and provide an estimate of the remaining theoretical uncertainties in this sector. 1 The paper is organised as follows: in Sect. 2 we briefly review the MSSM Higgs boson sector, outline the corresponding renormalisation at the two-loop level, and describe the evaluation of the diagrams of O(α b α s ). Sect. 3 contains a detailed description of the renormalisation of the scalar top and scalar bottom sector, which is explicitly carried out in four different renormalisation schemes for the latter. The numerical analysis of the O(α b α s ) corrections, the comparison of the different schemes, the investigation of the renormalisation scale, and the comparison with the previous result are performed in Sect. 4. The conclusions can be found in Sect. 5.
The Higgs sector at higher orders
We recall that the Higgs sector of the MSSM [35] comprises two neutral CP-even Higgs bosons, h and H (m h < m H ), the CP-odd A boson, 2 and two charged Higgs bosons, H ± . At the tree-level, the masses m h,tree and m H,tree can be calculated in terms of M Z , M A and tan β from the mass matrix for the neutral CP-even Higgs components (denoted by φ)
by diagonalization,
with the angle α determined by tan 2α = tan 2β
In the Feynman-diagrammatic (FD) approach, the higher-order corrected Higgs boson masses, M h and M H , are derived as the poles of the h, H-propagator matrix, i.e. by solving the equation
The renormalised self-energiesΣ
can be expanded according to the one-, two-, . . . loop-order contributions,
The dominant one-loop contributions to the Higgs boson self-energies (and thus to the Higgs boson masses) from the b/b sector are of O(α b ) and arise from the Yukawa part of the theory (neglecting the gauge couplings) evaluated at p 2 = 0. This has been verified by comparison with the full one-loop result from the b/b sector. Hence, the leading two-loop corrections from the b/b sector are the O(α s ) corrections to those dominant one-loop contributions; they are obtained in the same limit, i.e. for zero external momentum and neglecting the gauge couplings (the same approximations have been made in Ref. [26] ). This approach is analogous to the way the leading one-and two-loop contributions in the top/stop sector have been obtained, see e.g. Ref. [19] . The renormalisation of the Higgs-boson mass matrix for the O(α b α s ) corrections under consideration follows the description for the O(α t α s ) terms given in Ref. [19] . Renormalisation can be performed by adding the appropriate counterterms,
where δM (i) φ denotes the ith-loop counterterm matrix consisting of the counterterms to the parameters in the tree-level mass matrix (1) . Field renormalisation is not needed for the leading O(α b α s ) corrections. The renormalised two-loop Higgs boson self-energies with the leading contributions of O(α b α s ) are thus given bŷ
The counterterm matrix in (8) is composed of the counterterms for the A-boson mass and for the tadpoles
The counterterms are determined by the following conditions:
(i) On-shell renormalisation of the A-boson mass, formulated in the approximation of vanishing external momentum, determines the two-loop A-mass counterterm δM
(ii) Tadpole renormalisation determines the tadpole counterterms by the requirements
H , δt
which means that the minimum of the Higgs potential is not shifted.
The genuine two-loop Feynman diagrams to be evaluated for the Higgs boson self-energies and the tadpoles are shown Fig. 2 and Fig. 3 . The diagrams with subloop renormalisation are depicted in Fig. 4 and Fig. 5 . The counterterms for the insertions, where different renormalisation schemes will be investigated, are specified in the next section.
The diagrams and the corresponding amplitudes have been generated with the package FeynArts [36, 37] . The further evaluation has been done using the program TwoCalc [38] . The resulting expressions are given in terms of the one-loop functions A 0 and B 0 [39] , and the two-loop vacuum integrals [40] .
3 Renormalisation of the quark/squark sector Since the two-loop self-energy is considered at O(α {t, b} α s ) it is sufficient to determine the counterterms induced by the strong interaction only.
The squark-mass terms of the Lagrangian, for a given species of squarksq, can be written as the bilinear expression with Mq as the squark-mass matrix squared,
where the quantities M 2 L , M 2 q R , A q are soft-breaking parameters, and µ is the supersymmetric Higgs mass parameter. Since we are dealing in this paper with a CP-conserving Higgs sector, these parameters are treated as real. As an abbreviation, c 2β ≡ cos(2β) is introduced; κ is defined as κ = cot β for up-type squarks and κ = tan β for down-type squarks. m q , Q q , and T 3 q are mass, charge, and isospin of the quark q.
The mass matrix (13) can be diagonalised by a unitary transformation, which in our case of real parameters involves a mixing angle θq, 
In the (q 1 ,q 2 )-basis, the squared-mass matrix is diagonal,
with the eigenvalues m 2 q 1 and m 2 q 2 given by
The squark-mass matrix can now be expressed in terms of the two mass eigenvalues and the mixing angle, yielding
Renormalisation of the top and scalar top sector
The (t,t) sector contains four independent parameters: the top-quark mass m t , the stop masses mt 1 and mt 2 , and either the squark mixing angle θt or, equivalently, the trilinear coupling A t . Accordingly, the renormalisation of this sector is performed by introducing four counterterms that are determined by four independent renormalisation conditions. The following renormalisation conditions are imposed (the procedure is equivalent to that of Ref. [41] , although there no reference is made to the mixing angle).
(i) On-shell renormalisation of the top-quark mass yields the top mass counterterm,
with the scalar coefficients of the unrenormalised top-quark self-energy, Σ t (p), in the Lorentz decomposition
In the renormalised vertices with squark and Higgs fields, the counterterm of the trilinear coupling A t appears. Having already specified δθt, the A t counterterm cannot be defined independently but follows from the relation
yielding
This relation is valid at O(α s ) since both µ and tan β do not receive one-loop contributions from the strong interaction.
Renormalisation of the bottom and scalar bottom sector
Because of SU(2)-invariance the soft-breaking parameters for the left-handed up-and downtype squarks are identical, and thus the squark masses of a given generation are not independent. The stop and sbottom masses are connected via the relation
with the entries of the rotation matrix in (14) . Since the stop masses have already been renormalised on-shell, only one of the sbottom mass counterterms can be determined independently. In the following, theb 2 mass is chosen 3 as the pole mass yielding the counterterm from an on-shell renormalisation condition, i.e.
whereas the counterterm for mb 1 is determined as a combination of other counterterms, according to
Accordingly, the numerical value of mb 1 does not correspond to the pole mass. The pole mass can be obtained from mb 1 via a finite shift of O(α s ) (see e.g. Ref. [42] ). There are three more parameters with counterterms to be determined: the b-quark mass m b , the mixing angle θb, and the trilinear coupling A b . They are connected via
which reads in terms of counterterms
Only two of the three counterterms, δm b , δθb, δA b can be treated as independent, which offers a variety of choices. In the following, four different renormalisation schemes, see Tab. 1, will be investigated. Two of them are on-shell schemes in the sense that the Higgs self-energies do not depend on the renormalisation scale µ DR . The schemes are described in the following subsections, prior to the discussion of their quantitative numerical features in Sect. 4.
Analogous to the top quark/squark sector
A straight-forward possibility is to impose renormalisation conditions in analogy to those of the top quark/squark sector in Sect. 3.1.
(i) On-shell renormalisation of the bottom quark mass m b determines the corresponding counterterm as follows,
(ii) The counterterm for the sbottom mixing angle θb is determined in the following way,
The dependent counterterm δm 2 b 1 for theb 1 mass is then fully specified by (26) . Moreover, A b is treated here as a dependent quantity; the corresponding counterterm δA b follows from the relation (28) , yielding in combination with (26) the expression
While formally the renormalisation described in this section is the same as in the top/stop sector, there are nevertheless important differences. The top-quark pole mass can be directly extracted from experiment and, due to its large numerical value as compared to other quark masses and the fact that the present experimental error is much larger than the QCD scale, it can be used as input for theory predictions in a well-defined way. For the mass of the bottom quark, on the other hand, problems related to non-perturbative effects are much more severe. Therefore the parameter extracted from the comparison of theory and experiment [43] is not the bottom pole mass. Usually the value of the bottom mass is given in the MS renormalisation scheme, with the renormalisation scale µ MS chosen as the bottom-quark [43] . Another important difference to the top/stop sector is the replacement of cot β → tan β. As will be discussed in more detail below, very large effects can occur in this scheme for large values of µ and tan β.
DR bottom-quark mass
Potential problems with the bottom pole mass can be avoided by adopting a renormalisation scheme with a running bottom-quark mass. In the context of the MSSM it seems appropriate to use the DR scheme [44] and to include the SUSY contributions at O(α s ) into the running. We therefore choose a scheme where m b and A b are both renormalised in the DR scheme. The following renormalisation conditions are imposed for the independent quantities.
(i) The b-quark mass is defined in the DR scheme, which determines the mass counterterm by the expression
where Σ div means replacing the one-and two-point integrals A and B 0 in the quark self-energies by their divergent parts in the following way,
with ∆ = 2/ǫ − γ + log 4π, and D = 4 − ǫ.
(ii) Besides m b , also the trilinear coupling A b is defined within the DR scheme. Using (31) and inserting the self-energies yields the counterterm
The counterterms for the mixing angle, δθb, and theb 1 mass, δm 2 b 1
, are dependent quantities and can be determined as combinations of the independent counterterms, invoking (26) and (28),
The renormalised quantities in this scheme depend on the DR renormalisation scale µ DR . If not stated differently, in all numerical results given in this paper the DR scale refers to the top-quark mass, i.e. µ DR = m t .
In order to determine the value of m and the expressions for the on-shell counterterm and the DR counterterm given in (29) and (32) , respectively, one finds
Here the Σ fin are the UV-finite parts of the self-energy coefficients in (29) . They depend on the DR scale µ DR and are evaluated for on-shell momenta,
one finds the desired expression for m DR b ,
DR mixing angle and A b
A further possibility is to impose renormalisation conditions for the mixing angle θb and for A b , and to treat the counterterm of the b-quark mass as a dependent quantity determined as a combination of the other counterterms using the relation (28) . The renormalisation conditions in this case read explicitly:
(i) δA b is determined in the DR scheme as in the previous case by the expression (34) .
(ii) The mixing angle θb, defined in the DR scheme, is renormalised by the counterterm
The counterterm for the b-quark mass, δm b , can be obtained using (28) and the constraint (26) . It is given by the following quantity (which is well-behaved for θb → 0),
The numerical value of m b in this scheme is obtained from (39) and the (finite) difference of the counterterms given in (41) and (32) . Finally, (26) yields also the counterterm for the dependent squark mass, δm 2 b 1 , with the specification (41) for the b-mass counterterm.
On-shell mixing angle and A b
In Ref. [26] a renormalisation condition was imposed on the Ab 1b2 vertex in order to avoid an explicit dependence on the renormalisation scale µ DR . For the purpose of comparing our results with those of Ref. [26] we include such a renormalisation scheme in our discussion. While in Ref. [26] the limit tan β → ∞ has been used to derive all the renormalisation conditions and counterterms, we have derived the relevant quantities for arbitrary values of tan β. We call this scheme "on-shell" (as in Ref. [26] ), although the vertex is taken at an off-shell value of the A-boson momentum.
Similarly to the previous scheme, the counterterm for the b-quark mass is derived as a linear combination of other counterterms by means of (28) . The independent renormalisation conditions can be formulated as follows.
(i) The counterterm for the mixing angle θb is defined by
as in the scheme "analogous to the top quark/squark sector".
(ii) A b is determinded by imposing the condition
) as the renormalised three-point Ab 1b2 vertex function,
In the large-tan β limit, this requirement reproduces the condition applied in Ref. [26] .
Condition (ii) can be formulated as an equation determining the counterterm for A b in the following way,
where the Z factors are defined as
Again, the dependent counterterm for the b-quark mass is determined by (28) and the constraint (26) , but now inserting the above specification (45) for δA b , yielding
The numerical value of m b in this scheme is obtained from (39) and the (finite) difference of the counterterms given in (47) and (32) . With the specification of δm b in (47), also theb 1 -mass counterterm δm 2 b 1 in the general relation (26) is fully determined.
Resummation in the b/b sector
The relation between the bottom-quark mass and the Yukawa coupling h b , which in lowest order reads
Thus, large tan β-enhanced contributions can occur, which need to be properly taken into account. As shown in Refs. [30, 31] the leading terms of O(α b (α s tan β) n ) can be resummed by using an appropriate effective bottom Yukawa coupling.
Accordingly, an effective bottom-quark mass is obtained by extracting the UV-finite tan β-enhanced term ∆m b from (39) (which enters through Σ b S ) and writing it as 1/(1 + ∆m b ) into the denominator. In this way the leading powers of (α s tan β) n are correctly resummed [30, 31] . This yields
where Σ b S ≡ Σ b S + ∆m b denotes the non-enhanced remainder of the scalar b-quark selfenergy at O(α s ), and b shift is given in (38) . The tan β-enhanced scalar part of the b-quark self-energy, ∆m b , is given at O(α s ) by 4
with
and ∆m b > 0 for µ > 0.
In the "m b DR" scheme we use the effective bottom-quark mass as given in (48) We incorporate the effective bottom-quark mass of (48) (or the correspondingly shifted value in the other renormalisation schemes) into our one-loop results for the renormalised Higgs boson self-energies, which determine the Higgs boson masses at one-loop order according to (4)- (6) . In this way the leading effects of O(α b α s ) are absorbed into the one-loop result. We refer to the genuine two-loop contributions, which go beyond this improved one-loop result, as "subleading O(α b α s ) corrections" in the following. for the gauginos: for the sfermions: We will mostly discuss the case of negative µ, since according to Eqs. (48)-(50) this sign of µ leads to a negative ∆m b and therefore to an increase of the effective bottom-quark mass. This gives rise to an enhancement of the corrections from the b/b sector, see Fig. 1 . While the negative sign of µ is disfavoured from the comparison of the MSSM prediction [47, 48] with the experimental data on the anomalous magnetic moment of the muon [49] , it would seem premature at this stage to completely disregard this possibility. For µ > 0, on the other hand, the corrections to the Higgs-boson masses from the b/b sector will normally not exceed the GeV level if the result is expressed in terms of an appropriately chosen running bottomquark mass (see Fig. 1 ). It should be noted, however, that the prospective experimental accuracy on M h at the LHC and the ILC will be significantly below the GeV level, so that the inclusion of non-enhanced two-loop corrections will be necessary in order to achieve the same level of precision for the theoretical prediction (see the discussion below).
For the calculation of the Higgs boson masses presented below the complete one-loop self-energies have been used, with tan β renormalised in the DR scheme [50] [51] [52] 
Comparison of the different renormalisation schemes
In order to compare the different renormalisation schemes, the parameters entering the oneloop result have to be transformed according to the different renormalisation prescriptions. As our default for which the input parameters are fixed we have chosen the "m b DR" scheme, where m b and A b are defined as DR parameters. As explained in Sect. 3, the parameters are converted to a different renormalisation scheme RS (with counterterms δx RS ) with the help of the following transformations, Table 3 : Values of the bottom quark mass, the A-parameter and mb 1 in the different schemes at tan β = 30. The value of mb 2 , which is renormalised on-shell (see (25) ), is the same in all four schemes, mb 2 = 938.44 GeV.
The values given in Tab. 3 and Tab. 4 indicate that the "m b OS" scheme leads to huge corrections in A b that invalidate the applicability of this scheme. The other schemes give rise to only moderate shifts in the parameters.
The reason for the problematic behaviour of the "m b OS" scheme is easy to understand. The renormalisation condition in the "m b OS" scheme is a condition on the sbottom mixing angle θb and thus on the combination (A b − µ tan β) (see (28) ). In parameter regions where µ tan β is much larger than A b , the counterterm δA b receives a very large finite shift when calculated from the counterterm δθb. More specifically, δA b as given in (31) contribution
that can give rise to very large corrections to A b . This problem is avoided in the other renormalisation schemes introduced in Tab. 1, where the renormalisation condition is applied directly to A b , rather than deriving δA b from the renormalisation of the mixing angle. We now turn to the numerical comparison of the different renormalisation schemes. As We start our analysis of the different renormalisation schemes by comparing the results for M h and M H as a function of tan β in Fig. 6 . The other parameters are as given in Tab. 2. As expected from the discussion of Tab. 3 and Tab. 4, the "m b OS" scheme gives rise to artificially large corrections and shows very large deviations from the other schemes for intermediate and large values of tan β. This behaviour is even more pronounced for M H than for M h , as can be seen in the lower plot of Fig. 6 . These extremely large corrections are a consequence of the large contributions to the counterterm of the parameter A b (see (53) ). The Higgs self-energy contribution from virtual sbottoms contains a term proportional to A 2 b . Using as input a value for A b according to (52) , very large contributions proportional to (δA b ) 2 are introduced. These corrections are more pronounced in Σ HH , where they enter like (cos α A b ) 2 , than in Σ hh , where they enter like (sin α A b ) 2 (|α| ≪ 1 in our analysis). The unacceptably large contributions to δA b in the "m b OS" scheme invalidate a perturbative treatment in this scheme. We therefore discard this scheme in the following and focus our discussion on the other three schemes defined in Tab. 1. The other schemes all give similar and numerically well-behaved results, where M h starts to decrease rapidly with tan β for tan β > ∼ 40. Negative mass squares are reached at tan β ≃ 53. The main effect comes from the leading contributions of O(α b α s ) that enter via the resummation of ∆m b , see (48) . The decrease with increasing tan β is due to the dependence of ∆m b ∼ µ tan β in (49) . The subleading O(α b α s ) corrections, which arise from the genuine two-loop diagrams, are of O(1 GeV). The differences between the three renormalisation schemes are of similar size. For this particular parameter choice the "A b , θb DR" scheme enhances M h , whereas the other two schemes decrease M h compared to the case where the genuine two-loop corrections are omitted. In Fig. 7 we show M h as a function of tan β for the same parameters as in Fig. 6 , but with M A = 700 GeV. This results in general in larger M h values, but the general behaviour as a function of tan β is the same as for M A = 120 GeV; M h drops steeply for large tan β values. In all three schemes the subleading terms increase M h by a few GeV, depending on tan β.
As discussed above, large corrections from the b/b sector are only expected for negative values of µ. In Fig. 8 As expected 5 , the variation of M h with tan β is much smaller than for negative µ. Both, the leading corrections, i.e. the tan β enhanced terms of O(α b α s ), as well as the subleading corrections are at the level of O(100 MeV). The "m b DR" scheme does not show any visible corrections beyond the resummed contributions. This leads to the conclusion that for positive µ the corrections beyond the one-loop level coming from the b/b sector are sufficiently well under control. However, in view of the fact that the anticipated ILC accuracy on M h [7] [8] [9] and the parametric uncertainty of the theory prediction from the ILC measurement of the top-quark mass [54, 55] will both be about 100 MeV, ultimately the aim will be to reduce the theoretical uncertainties from unknown higher-order corrections to at least this level. This will require the inclusion of all two-loop corrections (and a significant part of corrections beyond two-loop order). For the further analysis in this paper we focus on negative values of µ.
The variation of M h with µ (for µ < 0) for tan β = 50 is shown in Fig. 9 . As can be expected from (49) ∼ 1500 GeV, on the other hand, all schemes lead to a decrease, where the size of the individual corrections also strongly varies with mg. Accordingly, the relative size of the corrections in the different schemes also varies with mg. Corrections up to about 3 GeV are possible. The differences between the three schemes are of O(2 GeV) for large mg. It should be noted that the effects of the higher-order corrections to M h do not decouple with large mg. The corrections at O(α t α s ) [19] as well as O(α b α s ) grow logarithmically in the renormalisation schemes that we have adopted.
The above analysis of the three schemes "m b DR", "A b , θb DR", and "A b , θb OS" in various parameter regions yields numerically well-behaved and physically meaningful results. As there is no clear preference for one of the schemes on physical grounds, the difference between the results obtained in the three schemes can be interpreted as an indication of the possible size of missing higher-order corrections. The size of the individual corrections and also the differences between the renormalisation schemes sensitively depend on the input parameters. Typically we find that the genuine two-loop corrections in the b/b sector yield a shift in M h of O(1 GeV). The differences between the three schemes are usually somewhat smaller. 
Numerical analysis of the renormalisation scale dependence
While in the previous section we compared the results of different renormalisation scheme, we now focus on the "m b DR" scheme and investigate the effect of varying the renormalisation scale of the O(α b α s ) result obtained in this scheme. We vary the scale within the interval m t /2 ≤ µ DR ≤ 2 m t , resulting in a shift which is formally of O(α b α 2 s ). The results are shown as a function of mg for tan β = 50 in Fig. 12 for M A = 120 GeV and M A = 700 GeV. The µ DR variation of the leading contribution (the O(α t α s ) result including resummation) is shown as the dark shaded (black) band. The results including the subleading corrections in the "m b DR" scheme are shown as a light shaded (red) band. It can be seen that the variation with µ DR is strongly reduced by the inclusion of the subleading contributions. The variation with µ DR within the "m b DR" scheme is tiny for mg < ∼ 500 GeV, and reaches ±2 GeV for large mg values. Thus, the µ DR variation causes a similar shift in M h as the comparison between the three renormalisation schemes discussed above.
We have also analysed the variation with µ DR in the case µ > 0, which is not shown here. As for negative µ, the variation with µ DR is of the same order as the differences between the three renormalisation schemes, see Fig. 8 . Therefore, for µ > 0 the unknown higher-order corrections to M h from the b/b sector can be estimated to be of O(100 MeV).
Comparison with existing calculations
Finally we compare our result with the existing calculation of the O(α b α s ) corrections presented in Ref. [26] . The renormalisation employed there consists of an on-shell renormalisation of the two scalar bottom masses and the on-shell condition for A b shown in Sect. 3.2.4. We denote it as "mb, A b OS" renormalisation. Thus, the differences between our "A b , θb OS" and the "mb, A b OS" renormalisation are the different treatment of the mb 1 renormalisation, as well as the treatment of tan β. We kept tan β as a free parameter, whereas in Ref. [26] it was set to infinity in the subleading O(α b α s ) corrections. In Ref. [26] the shift of the sbottom masses due to the SU(2)-invariance was taken into account in the numerical evaluation of the sbottom masses following the prescription in Ref. [56] (see also Ref. [42] ).
Our result for M h in the "A b , θb OS" scheme is compared with the result of Ref. [26] in Fig. 13 . For the implementation of the latter ("mb, A b OS" scheme) the Fortran code of Ref. [26] for the numerical evaluation of the O(α s α b ) corrections to the Higgs-boson selfenergies has been used [57] . Thereby the input values were determined according to (51) and (52) . Using these input values for A b and m b the sbottom masses were calculated taking the sbottom mass shift into account [56] . M h is shown as function of mg for µ < 0, tan β = 50, and M A = 700 GeV. Our result in the "A b , θb OS" scheme is shown as the dash-star (green) curve, while the result of Ref. [26] ("mb, A b OS" scheme) is given by the fine-dotted (pink) curve. The leading contribution in the two schemes, i.e. the O(α t α s ) result including resummation, is also shown: the light-dot-dashed (orange) curve shows the O(α t α s ) result using the "A b , θb OS" renormalised parameters; the corresponding result for the "mb, A b OS" renormalised parameters is shown as the light-dotted (gray) curve. Fig. 13 shows that the O(α t α s ) results in the two schemes differ from each other by up to 2 GeV for large mg. The inclusion of the subleading two-loop corrections reduces this difference significantly. Our result in the "A b , θb OS" scheme agrees with the result of Ref. [26] to better than 0.5 GeV.
In Fig. 14 we compare our result in each of the three schemes discussed above, i.e. the "A b , θb OS", the "m b DR" and the "A b , θb DR" schemes, with the result of Ref. [26] . The difference ∆M h between our result and the result of Ref. [26] is shown for each of the three schemes as a function of tan β for mg = 1500 GeV, µ = −1000 GeV, and M A = 700 GeV. The differences stay below 1 GeV for tan β < ∼ 50, where our result in the "A b , θb DR" scheme shows the biggest deviation from the result of Ref. [26] , while as expected, the difference is smallest for the "A b , θb OS" scheme. For tan β > 50 large deviations occur because of the sharp decrease of M h in this region (see e.g. Fig. 7) . 
Conclusions
We have obtained results for the two-loop O(α b α s ) corrections to the neutral CP-even Higgsboson masses in the MSSM within different renormalisation schemes. The leading tan βenhanced contributions of the b/b sector can be incorporated into an appropriately chosen bottom Yukawa coupling, for which we use the bottom-quark mass in the DR scheme with a resummation of the leading contributions. We have analysed in detail the impact of the genuine (subleading) O(α b α s ) two-loop corrections in different parts of the MSSM parameter space and we have compared the results obtained in the different schemes.
We have shown that an on-shell scheme that is frequently used in the t/t sector leads to numerically unstable results if it is applied in the b/b sector. The origin of the huge corrections in this scheme was traced to the fact that it involves a renormalisation condition for the sbottom mixing angle, θb, rather than for the trilinear coupling, A b .
The other three schemes that we have analysed yield numerically well-behaved and physically meaningful results. For µ > 0 the effect of the genuine O(α b α s ) two-loop corrections is rather small, typically of O(100 MeV). Corrections at this level will nevertheless be relevant in view of the prospective accuracy of measurements in the Higgs sector and of the top-quark mass at the ILC. For µ < 0 the effective bottom Yukawa coupling increases, leading to an enhancement of the effects from the b/b sector. While the constraints arising from the measurement of the anomalous magnetic moment of the muon favour the positive sign of µ, it seems premature at the present stage to discard the parameter region with µ < 0. For large values of tan β and mg and large negative values of µ we find that the genuine O(α b α s ) corrections can amount up to 3 GeV. We have compared our result for the O(α b α s ) corrections with the existing result in the literature, which was obtained in the limit of tan β → ∞, and found good agreement.
The comparison of the results in the different schemes that we have analysed and the investigation of the renormalisation scale dependence give an indication of the possible size of missing higher-order corrections in the b/b sector. For µ > 0 the higher-order corrections from the b/b sector (beyond O(α b α s )) appear to be sufficiently well under control even in view of the prospective ILC accuracy. This applies especially to the "m b DR" scheme, where the corrections beyond the improved one-loop result have been found to be particularly small. For µ < 0, on the other hand, sizable higher-order corrections from the b/b sector are possible. The size of the individual corrections and also the difference between the analysed schemes varies significantly with the relevant parameters, µ, tan β, mg and M A . We estimate the uncertainty from missing higher-order corrections in the b/b sector to be about 2 GeV in this region of parameter space.
The results obtained will be implemented into the Fortran code FeynHiggs [58, 59] . The evaluation of the results within the three schemes will allow to obtain an estimate of the size of the missing higher-order corrections as a function of the chosen input parameters.
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Appendix: Counterterms of the quark/squark sector
In section 3 the counterterms have been given using the definitions (14) and (16) for the sfermion masses and mixing angles. In this appendix the counterterms are given in a more general way allowing to use also other definitions for the sfermion masses and mixing angles. Introducing a counterterm for the mixing angle needs a certain choice of definitions of the sfermion masses and mixing angles. Instead of using an explicit mixing angle counterterm the counterterm δYq is introduced as
where the counterterm mass matrix δMq contains the counterterms of the parameters appearing in (13) . With the definitions (14) and (16) δYq is related to the mixing angle counterterm as follows δYq = (m 2 q 1 − m 2 q 2 ) δθq . 
avoiding an explicit definition of the mixing angles. The dependent counterterm for the mixing angle (35) 
replacing (45) and (47) . The counterterm of the mixing angle (42) is replaced by (58) .
